Exercise 2

A Graphs of Rational Functions
1
Solution
. 2
(a) Given y=——--
x+1
Equations of asymptotes
x = —1 is the vertical asymptote
v =0 is the horizontal asymptote.
Axial intercept : Whenx =0, y=2.
Determining the turning point
dy 2
dx (x+1)°
Since (x+1)* > 0, for all real values of x, except —1
" % is always negative for all real values of x.
Thus there is no stationary point.
As x—>ow,y—>0"
x— -0, y—>0"
x>, yow
x—>1,y—> -
. 2
(b) Given y=3— .
x—

Equations of asymptotes
x =4 is the vertical asymptote
y =3 is the horizontal asymptote.

Axial intercept : Whenx =0, y= %

Wheny =0, x=4§.

Determining the turning point
dy 2
dr  (x-4)

"+ (x—4)> >0, for all real values of x, except 4

dy . o
" Ey is always positive for all real values of x.
Thus there is no stationary point.
As x>+, y >3
x— -0, y—>3"
x4, y—>-—w

x—>4,y>»©




©

@

Given y=iz
x—1

By long division, y =1+ 3
x-1

Equations of asymptotes

x =1 is the vertical asymptote.

y =1 is the horizontal asymptote.

Axial intercept: Whenx=0, y=-2
Wheny =0, x=-2

Determining the turning point
dy 3

e (x—1)

-+ (x—1)> > 0, for all real values of x, except 1.

dy . .

ay is always negative for all real values of x.
Thus there is no stationary point.
As x—>oo, y—>1"

xX—>—o, y—>1"

x>, y—>w

x—=>1,y—>-w

. 2+3x
Given y = 5 < perform long division

+x
4

x+2

=3-

Equations of asymptotes
x = -2 is the vertical asymptote.
y =3 is the horizontal asymptote.

Axial intercept: Whenx =0, y=1

Wheny:O,x:—§

Determining the turning point
dy 4
dx  (x+2)

"+ (x+2)* >0, for all real values of x, except 2

" % is always positive for all real values of x.

Thus there is no stationary point.
As x>, y—>3"
x—> -0,y —>3"
x—>-2",y—>—o0

xX—=>-2,y—>w®

}.‘
A x=l
i y=1
2, 0) 0,-2) >
x+2
:}.‘ =
x-1
x=-2 y
tA
243x
1 y=
i T 24x
__________________ :L_______ smrmmeeeoeeee =3
| 1
1200 -
b3



(e) Given y=x+1—£
X

Equations of asymptotes

x =0 is the horizontal asymptote.

y =x+1 is an oblique asymptote.

Axial intercept: Wheny =0, x=1orx=-2
Determining the turning point

%:H%

2
"*— >0, for all values of x, except x =0.
X

.Y is always positive
e .

Thus, there is no turning point.

As x> o, y—>(x+1)°
x> -0,y > (x+1)°

x—>0,y—>0

x—>0,y—0"

. 3+x-2x°
) Given y= S B perform long division
1+2x

=—x+1+

2x+1
Equations of asymptotes
y =—x+1is an oblique asymptote.

1. .
x= —EIS a vertical asymptote.

Axial intercept : Whenx =0,y =3
When y =0 ng, x=-1.
Determining the turning point
b4
dx 2x+1)°
“+ (2x+1)> >0, for all real values of x, except x # —%. y
dy A

g o is always negative for all real values of x.

Thus there is no turning point. .
(0, 3) ).:3+X—21"

1+2x
As x— 0,y —>(—x+1)"

X— -0,y > (-x+1)"

x>, y—>w

x—=>1,y—>-w




2

Solution
2x* +ex+3 o
(@) y=—————— < longdivision
x+2
Coxie—4MZ26 (A)
x+2

Given that the oblique asymptote is y = 2x + 4,
by comparing the oblique asymptote in (A),
c—4=4

L c=8

(b) Performing long division

_pxXiHgx+r
ax+b

1 b r_b(q_pbj
=£x+_[q_lﬂ_j+u

a a a ax+b
. . D 1 pb

The oblique asymptote is —x+—| ¢ —— | ceocererrererenne €))

a a a

Given y = ax+b is an asymptote to the curve, by comparing with (1).

. 1 b

iLe. ax+b= £x+—[q —p—j
a a a

Comparing coefficient of x

r_,
a
p=a’

Comparing constant

-1(o-22)
a a

Replace p = a’

2
p=1_ 9P
a a
pb=4_p
a
2ab=gq



o)
P l(q_l’_b}u

From (1): y==x+
a a ax+b

Consider the quotient, » — é(q - p_bj
a a

Replace g with 2ab and p wth a?,

2
=y —2(2ab —“—bj
a a

=r —E(Zab —ab)
a

:r—ﬁ(ab)
a

=r-b*

Lrzb’

Therefore r # b°, g =2ab, p=a’

() y=ax+b+a+2b
x—1
dy a+2b
& a-
dx (x=1)°

At stationary points, % =0

. a+2b
i.e a-————=
(x-1)°
_a+2b
(x-1)°
(x=1y a+2b
a+2b
(x-1= P 1))

Since C has no stationary point, equation (1) does not have real roots.
a+2b

a
a+2b<0

a<-2b

<0




(d) Using long division

x+b xz)j——;)c:+52
- X +bx
(a—b)x+b?
—(a-b)x+b(a-b)
2b* —ab
2b* —ab

x+b
The equation of the oblique asymptote is y = x + a —b.

L f(x)=x+a-b+

If a=2b,

2 Az2
y=x+2b—b+u <replace a = 2b
x+b

=x+b

.. the graph y = f(x) becomes a straight line y = x +b.

ax+b
(e f(x)=
cx+d
f,(x):(cx+a’)a—(01";c+b)c
(ex+d)
_acx+ad —acx—bc
(ex+d)?
_ad—bc
(ex+d)?
0
When ad —bc=0, f'(x)=——==0.
(ex+d)

The gradient of the curve at all points is 0. *

Hence, the graph is a horizontal line.



3.

Solution
. (x+2)
(a) Given y= il < long division
X+
= x+3+L1 ................................. (1) (verified)
X+

From (1), A=3and B=1

The equations of the asymptotes are y = x+3 and x =—1.

(b) Differentiate (1) with respect to x

dy -2
—=1—(x+1) 2
PRI CaR) &)
. dy
At stationary, — =0.
R
1-(x+1)"=0
R
(x+1D
(x+1)* =1
(x+D)==1

x=0 or -2

Substituting x =0 into (1): .. y=4
Substituting x = -2 into (1): .. y=0

The stationary points are (0, 4) and (-2, 0).

Differentiate (1) with respect to x
2

4 1)

=

2

When x =0, 3x_J;>O

(0, 4) is @ minimum point.
2

Whenx=-2, 9 <0
dx

2

- (=2, 0) is a maximum point.

Whenx =0, y=4. .. y-intercept =4
When y =0, x=-2. .. y-intercept =4




Substituting (3) into (1)
X’ +4x+4
-
k(x+1)=x"+4x+4
X +dx—hx+4-k=0 ... @)

For the line does not cut the curve, the discriminant of (4) must be negative, i.e. b° —4ac < 0.

k

(4—k)* —4()(4—-k) <0
(4-k)(4—k—-4)<0
—k(4—k) <0
k(k—4)<0

0<k<4

The solution set of k is {k :k € R,0< k < 4}.
Alternative Method
For the line to cut the curve, the discriminant of (4) must be real.
ie. b*—4ac>0

(4—k) —4()(4-k)=0

k(k—4)>0
k>4 or k<0
So for the line does not intersect the curve, then the set of values of k is {k keR,0<k< 4}.
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Solution
2
. 1
(a) Giveny = ﬂ
2x—1
By long division,

17 11
=—Xt—t——
27 4 402x-1)

. 1
Vertical asymptote : x = Py

. 1 7
oblique asymptote : y = Ex + 1

y x-intercepts: (—2.62.0).
, (-0382,0)
:u' | 7 y-intercept: (0.—1)
N i "." L k Max pt: (~1.16,0342)
y= X" +H3x+4] Ve ) 2 x+ 4 Min pt: (2.16.3.66)
2x-1 ,:-
1
|
; » X
1
1 X=—
i 2
i

() 2x" +6x° +2x* +2x-1=0
2x7 (X" +3x+1)=—(2x 1)
X +3x+1 1

2x-1 ?

»

|
)
[
+
sd
=
+
—
\
\
\
\
W
A\
B
e N
3
oW
| —
=
+
| ~a

Y
B T T L P

2
. 1 .
intersects the graph of y = X T 2+3x1+ at 2 points.
X

Refer to the above diagram. The graph of y = — 21

2
X

. there are 2 real roots of the equation 2x"* + 6x° +2x’ +2x—1=0.



5
Solution

(@) Lety=g(x)

X=x+2

x—1 -
xy—y=x"—x+2

X+ (=1-P)x+2+y)=0

For x e R, discriminant >0
(-1-7)* ~4()(2+1) 20
1+2y+y°-8—4y>0

¥ =2y-720

Lety’ —2y-7=0

)= 2+(=2)* —4(1)(-7)

2(1)

.. Rangeof gis (—oo, 1 —2«/5} u[l +2\/§,oo).

Tox+2

(b) Graph of g()c)=x_—1
x—




(¢) Add the line y = mx +1—m to the same diagram.

m>1

Learning point:

Note that the line y = mx +1—m is parallel to the equation of asymptote, y = x.

If m > 1, then the line y = mx +1—m will become steeper and hence this line will cut the curve at two points.

If m <1, then the line y = mx +1—m will become flatter and hence this line will not cut the curve at two points.
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Solution
. ax’ +bx+a
(a) Let the denominator of y = =, be zero.
X —
ie x’'=b=0

(x+b)x =) =0
So, x = Jb and x = —/b are vertical asymptotes.

Givenx =2, b =2.
Hence b=4.

_ ax’ +bx+a

 x*-b

bx+ab+a
x> —b

So, y = a is a vertical asymptote.

Given that y =3, hence, a = 3.

~a=3andb=4
2
(b) Graph of y:w
2

3x7+4x+3

x -4

(-0.578,-0.461) 7
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Solution
2
. +2x+b
(a) Let the denominator of y = D T2 be zero.
xX+c
ie. x+c=0

x=-c
So, x = —c is the vertical asymptote.

Given x = -5 is the vertical asymptote,
c=5.

B ax® +2x+b
x+5
When sz,yz%,

1 a(0) +2(0)+b
5 0+5
b=1.

Cax’ +2x+1
© x+5
25a-9
x+5
Given y = 3x —13is an oblique asymptote,

=ax+((2-5a)+

by comparing with y =3x—13, a =3.
_ 3x7 +2x+1
x+5

~a=3,b=landc=5

30t +2x+1

(b) Graphofy=
x+5

3% +2x+l
T x+5

(—0.310,0.142)

(-9.69,-56.1)




(¢) Given 3x* +2x+1=(x+5)(mx +5m—28)

3x%+2x+1
x+5

=mx+5m—28

_3x7+2x+4]
T x+5

(-0.310,0.142)

(-9.69,-56.1)

-

(i) For3x® +2x+1=(x+5)(mx+5m—28) to have 2 real roots,

m>3

(ii) For3x” +2x+1=(x+5)(mx + 5m—28) to have no real roots,

m<3
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Solution
. X +ax—4
(@) Giveny =———— ., (N
x+b
. X t+ax—4 .
The vertical asymptote of y = B is x =—b.
X+

Given in the question x =1 is a vertical asymptote, by comparing with x = —b.

b=-1.

Given y = x — 2 is an oblique asymptote, we can express the equation as

k .
y=x-2+——,where kis a constant. ..................... 2)
x—
Method 1
2
= LM < long division
x—1
a-3
=x+(a+1)+—l .............................. 3)
Comparing (2) and (3)
a+1=-2
a=-3
Method 2

k
y=x-2+ —1 < express (2) as a single fraction
x—

X -3x+2+k
x—1
Comparing (1) and (4)

a=-3.

Soa=-3and b=-1

Sketch the curve C as shown below.




(b) x2—2x—20+21[x _3"_4j -0
x—1
2_ _ 2
(x—1)2—1—20+21[wj =0
x—1
x> -3x—4 :
(=121 22227 gy
x—1
(=1 (2 =3v—4 2_1
21 x—1
(x—1)* )
+ =1
7 (62)
=D*
21 1

The added graph is an ellipse centred at (1, 0) with horizontal axis length V21 and vertical axis length 1.

From graph, the ellipse intersects curve C at 4 distinct points, therefore it has 4 real distinct roots.




Exercise 2

B Conics
9.
Solution
(a) The graph of x* +y* =9.

J_.l

A

3 ¥+ y' =9
> X
-3 o 3
-3

Learning point:

The graph is a circle centred at (0, 0) with radius 3.

(b) The graph of y* —x* =9.

A

The graph is a hyperbola centred at (0, 0) and opens up and down. The graph has two equations of the asymptotes

Learning point:

y=xandy=-x.

2 2

Y

T

(c) Rewrite the equation 16x° —16y” =9 as

The graph of 16x° —16y> =9.

y=x

16x* —16y* =9

Learning point:
The graph is a hyperbola centred at (0, 0) and opens left and right. The graph has two equations of the asymptotes
y=xandy=—x.



x—4) -2)
(d) The graph of ( 32) _(y52) =1

Yy
A -—ET_E
3 ;7733
(x—4)° (.1’—2)1_1
3 5%
» X
5 16
y=——X+—
305

Learning point:

The graph is a hyperbola centred at (4, 2) and opens left and right. The graph has two equations of the asymptotes

5 5 5 16
y=—x-—andy=—-——x+—.
3 3

2 2
(e) The graph of (x=4) +(y 2 =1

3 52
y
A 4,7
ﬂ+ﬂ=1
(4 2) 32 52
(1,2) . (7,2)
5 \/
(4,-3)
Learning point:

The graph is an ellipse centred at (0, 0) with horizontal axis length 3 and vertical axis length 5.

() The graph of (y—3)>=8(x—1)

1 =3 =8k~

Learning point:

The graph is a parabola. It opens on the right with vertex (1, 3) and .is symmetrical about y = 3.
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Solution

()
1, 1>
—x =3x+—-y +y=1
1 4y y

1 1
Z()C2 —12x)+ Z(y2 +4y)=1 < completing the square

%[(x—6)2 —62J+%[(y+2)2 -2*]=1

1 1
—(x—=6) —9+—(y+2) -1=1
4(x ) 4(y )

1 , 1 .
Z(x—6) +Z(y+2) =11
(x—6)* +(y+2)* =44
(x—6)* +[y - (-2)I* = 44
(x—6)* +[y - (-2)I = (2V/11)?

.
-

(x—6)2 +(y+2)* =44

The equation shows an equation of a circle.
Centre of circle = (6,-2)

Radius of circle = 2\/ﬁ .



(b) 9x* +18x—4y* +4y =28
9(x* +2x)—4(y* —y) =28

2 2
9[()6 +1)° -1 :I — 4l:(y —%j - (%) :| =28 < completing the square

2
9(x+1)2—9—4(y—%J +1=28
1 2
9(x+l)2—4(y—zj =9-1+28

2
9(x+1)2—4(y—%j =36

Ox+1)° 4y-1)°

=1
36 36
) =D
4 9

1 2
(x+1)? [y 75}

The equation represents a hyperbola.

Centre of hyperbola = (—1, %J

Gradient of asymptotes = i%

Equations of asymptotes: y = %x +2andy= —%x —1.



(©) 4x*+y* +16x+7=0
4x*+4x)+y° +7=0
4[(x+27 =2 ]+y"+7=0
Ax+2)Y-16+y"+7=0
dx+2)>+y" =9

(x+2)° +y_2:1
(%)2 32

4x? +1* +16x+7=0
(_3510)

The equation respresents an ellipse.
Centre of ellipse : (-2, 0).
Lines of symmetry: x=-2 and y =0.



11.

Solution
2x% +3y” +6ax+6by =0

9 9
2| x* +3ax+=a’ |+3(y* +2by+b*)—=a* -3b* =0
( v a3l s a2

The centre of the ellipse is (—%a, b]
From the diagram, the centre of ellipse is (0, 1).
By comparing the coordinates (—%a, bj and (0, 1).
—Ea =0 and -b=1.
2
~a=0andb=-1
Substitute a and b into (1) :
2
2(x+§a) +3(y+b)2 = 2a2 +3b
2 2
2% +3(y—-1)° =3

2

+(y-17’ =1

N\wl =

© Lo
Ei

The ellipse has the horizontal axis length \/g

k=2
2



12.

Solution

()

(b)

©

(+5° _(x=1’
R

Given

. . b
From the equation, the gradients of the asymptotes = +—.
a
Given that the oblique asymptote is y = 2x —7. Its gradient is 2.

T (1)
a

The hyperbola has a minimum point (1,—1). Substitute the coordinates into the equation.
(—14;5)2 _a —21)2 1
b a e
b=4 (b>0) (Shown)
Substituting b = 4 into (1).
4

2o
a

. a=2 (Shown)

Since centre of the hyperbola is (1,—5), and the gradient of the other asymptote is —2,

so its equation of other oblique asymptote is

y=(=5)==2x-1)
y+5=-"2x+2

Equation of other oblique asymptote is y = —2x—3

=

-0.528

(AR C e VA

42 22



13.

Solution

(a) Given 9x’—ay*—36x—2aby+9a—ab’ +36=0 .............. )
C passes through (2,-2). Substitute x = 2 and y = -2 into the equation.

9(2)* —a(-2)* —36(2) —2ab(-2)+9a—ab* +36 =0
36—4a—72+4ab+9a—ab’> +36=0
4ab+5a—ab* =0

—a(b* —4b—5)=0

b>—4b-5=0, a#0

B-5)bB+1)=0

b=5 or —1(rejected since b > 0)

Substitute b =5 into (1).

9x* —ay’ —36x—10ay +9a—25a+36=0

9(x* —4x+4)—a(y* +10y+25)+9a =0 < completing the square
9(x—-2) —a(y+5)°+9a=0

a(y+57°-9(x-2)>-9a=0

a(y+5)°-9(x—2)" =9a < divide 9a throughout

(5 (=2 .

9 a
+5° (=27 _,
3 (ay

. . 3
From the equation, the gradients of the asymptotes = J_rT.
a
. . . 3 . .3
Given that the oblique asymptote is y = Ex —8. Its gradient is 5
3 3
So ——===
Ja 2
a=4
a=4 andb=5

(b) Equations of the asymptotes

y+5:i%(x—2)

3 3
=—x—-8 or y=——x-2
4 2 4 2
. . 3
Equation of the other asymptote is y = —Ex -2

©

0,32-5% %=L 2,2

(0,-32-5)
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Solution
X2 =5x+10
@ Ciy=——— i, 1)
x—2
=x-3+ 4
x—2
Cyix? =Y =4 2)

(b) The x-coordinate of the point of intersection of C, and C, => solve C, and C, simultaneously.
Substituting (1) into (2).
2 2
x=2
(x> =5x+10)?
(x—2)
(x> —=4)(x-2)> = (x> =5x+10)> (Shown)

(X =4) =

(¢) UseGC, x=3.66 (correct to 3 sf)
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Solution
3x—2x+3
@ y=——""—
x—1
=3x+1+i
x—

3x2-2x+3 ‘V
yzi

Q
— ~12.15,10.9)

i
'
'
'
»
£
'
'
1
1
I
'

o !
(-0.155,-2.93) 7 0,-3)

}IJI:3x+l '

(b) Therangeof bis0<bH<3

Learning point:

2
Given C, : (x—l)z—(yb—f):l

C, is a horizontal hyperbola with centre (1, 4).
Asymptotes: y =tb(x—-1)+4

For no point of intersection between C, and C,, the asymptote of hyperbola C, must be the same as the oblique asmptote of C,.
or less steep than the oblique asmptote of C,.

Note that the gradient of oblique asymptote of C, is 3.

S 0<b<3

(¢) Forb=3,
Asymptotes: y =+£3(x—1)+4
y=3x+landy=-3x+7

(2.15, 10.9)

i
lV
] -

-




16.
Solution

(@) 9" +36y—4x> +8x—-4=0
9(y* +4y)—4(x* —2x)—4=0
9(y* +4y+4)-36-4(x* —2x+1)+4-4=0
9(y+2) —4(x—1)* =36

(y+2) (-1’
2? 3?

=1 (Shown)

(b) Lines of symmetryare x =1and y = -2.

(¢) Tofind y -intercepts, let x =0,

+2" D’

R
(y+2) _10
2? 9

40
+2) =—
y+2) 5

40
+2== |—
7 V9

y=i§¢m;z

02 (=D

To find asymptotes, let > 7

2y =20

y+2:i§(x—l)

2
y=§(x—1)—2 or y=—§(x—1)—2

y=2Bory=_2,_4
YRR TR

Yo +2? (-1

4




@) 2m(x—1)? +(y+2)* =2m
ooty + 0D
2m

(-1, (42

o W2my?

The above equation represents an ellipse centred at (1, —2) with horizontal axis length 1 and vertical axis length V2m.

Add the ellipse to the diagram, as shown.

Yoo+ (-1

+

[0.%@—2] A 22 32

[0.—%@—2}

For H and J intersect at least twice, /2m > 2

.. the range of m ism >2



Exercise 2

C Parametric Equations

17.

Solution

(@) X =207 e, (1)
V=11 e 2)
From (2):t=1-p cceerveereenen. 3)

Substituting (3) into (1).

~. the cartesian equation is x = 2(1— y)*.

The curve of x =2¢*, y=1-t¢.

-




1 1
(b) x =—4t—— < multiply 3 on both sides
t

1 1
=X =2 e, 1
2x 2t M
—3t+i 2
y g TT————
@)+3):
+lx—t
7 2
2y+x
= = 3
3 ®)

Substituting (4) into (1)

x==2Q2y+x)—
2y+x

. the cartesian equation is x(2y +x) =22y +x)> 2.

The curve of x = —4t—l, y= 3t+i.
t 2t

2




Using Trigogometric Identities, tan’@ +1=sec’d .........ccocvvue....
Substituting (1) and (2) into (3).
() +1=(x)’

.. the cartesian equation is y* +1=x"

The curve of x =secH, y=tané.

>

(d) x=3COSt ccocemierineencnne (1)
Y =28I08 e 2)
Using Trigogometric identities, sin’¢ +cos* ¢ =1............ 3)

. . X
.. the cartesian equation is % +§ =1

The curve of x =3cost, y =2sint.

/
NG
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Solution

(@ x+y
= (cos @ —sin® @)+ (2cos @ +sin” )
=3C080 .eeervereeene. (1)
y—2x
=(2cos@+sin’ 6.)—2(cos 8 —sin’ &)
=8I0 oo )

From (1): x+y=3cosé

X+
TV _cosO « square both sides

Using identity sin® @ +¢0s> @ =1 .......cccccounne... 4)
Substituting (1) and (3) into (4).

_2 2
y x+(x+yJ _q

3 3
-2 + 2
% + % =1 < multiply 9 throughout

3(y—2x)—i—(x+y)2 =9

.. the Cartesian equation of the curve is 3(y —2x)+(x+y)* =9.

(b) Given 2y+x* =4 ..o, (1)
and X =2COSt ccvvrrrrrrrannnns 2)
Substituting (1) into (2)

2y +(2cost)’ =4

2y+4cos’t=4

y+2cos’t=2
y=2-2cos’t
y=2(1-cos’t)

. the corresponding parametric expression for y is y = 2(1—cos” 7).
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Solution

Substituting £ =2 into (1) and (2): x =1 and y =3(2)* =12

.. the coordinates of the point P is (1,12).

(b) From (1): ¢ :% ......................... 3)

Substituting (3) into (2) gives y = %
X

. . . 12
. the cartesian equation of the curve is y = —-.
X

The graph of y = %
x




20.

Solution
2 1 6t —6t
(@) x :Z(e +4+4e7) i 1))
y = %(e(” —44+4e") 2)

Take (1)—-(2):

X' -y = l(eﬁ’ +4+ 46’6’)—1(66' —4+4e)
4 4
. the cartesian equation of Cisx* — y* = 2. .cococvvverenne. 3)

Restriction on the values of x :

From (1): ¢ >0, ¢ > 0 for all real values of x.

1
. E(e” +2e7) > 0. Hence, x > 0.

From (3): x> —y> =2 < expressx in terms of y

y= +x? =2
For y to exist, x* —2 must be equal or more than zero.

ie. X' =220
(x—v2)(x+~/2)20
L x<—2 (rejected since x >0) or x2 V2

Thus x > \/5

(b)

.

y=—x



(©

Y

A
G /Cz_y:=2
U K B

(Jc+2)2 +y2 =a’

Given x*+y’+4x=da’—-4

X4y +d4x+d=ad’

¥ +4x+4+y' =a’

(x+2)+(y-0)* =a’
The equation represents a circle with centred (-2, 0) and radius a.
For the circle never intersect C, the radius must not greater than 4.

S 0<a<4



21.

Solution

(a) The graphof x=1¢',y =21 —1fort e R.

GRNME

(b) Substitute x =¢°, y =2¢>—1linto y =—x—1:
288 —1=— -1
£+20=0
£ (t+2)=0
t=0ort=-2

Whent=0, x=0 and y=-1

- A0,-1)

Whent=-2,x=-8 and y=7
- B(=8,-7)

Length of 4B

= J(0-(-8)) +(-1-7)
=+/128

:8\/5, where k =8



(©

Alternative Method

Converting the parametric equation into Cartesian equation.
1
Form x = ¢* becomes ¢ = x3 ............. 1))

Substitute (1) into y = 2¢* —1
2

Thus y=2x3—1........ )

Equate (2) with y = —x —1to find the points of intersection.
2

2x3 —1=—x-1

Substitute x =0 or x =—8 into (2)
sy=—lory=7
Thus A4(0,-1) and B(-8,-7).

Length of AB

=J(0-8) +(1-7)
=+/128

=82

Given that the point D has parameter — 1, i.e. t =—1.
Substitute  =—1lintox =£>, y = 2¢* —1
- D(-1,1).

Given that the point £ has parameter p, i.e. t = p
substitute £ = p intox =¢£>, y =2¢* —1

. E(p*,2p -1

Midpoint DE

_F p3—1’(1+2p2)—1
2 2

3
Ry -1,
( 2 ’pj

Let the coordinates of midpoint DE = (x, y), i.e. (x, y) = (

p -1

T-1
x=2

<expressx intermsofp  and y = p2 ......................

=X+ o 3)

Subsititue (3) into (4) : y = {(2x + 1)3}

2
.. the cartesian equation of the curveis y = (2x+1)3.
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Solution

(a) The graph of x =sin2¢, y =cos* ¢t +1, Oétﬁg

y
0,2)
3
['-5]
0, 1)
» X
Ol
(@) Given x=sin2¢ y=cos’t+1
%:2005% d—y:—Zcostsint
dr dt

(b) Using Chain Rule,
dy —2costsint
dx 2cos2t
_ —sin2t
"~ 2cost

= —ltan 2t
2

. a:—l and b=2
2

(¢) General equation of tangent to C

y—(cos’t+1)= —%tan 2t(x —sin(2t)) <usey -y, =m(x—x,)
3
The tangents meets at (2, Ej
. 3).
Substitute | 2, 5 into (A)

%— (cos’t+1) = —%tan 2t(2 —sin(2¢))

From GC,
t=0.26180 or 1.30900

Substitute ¢ = 0.26180 into x =sin2¢, y =cos’ ¢ +1.
x=0.500, y =1.933

Substitute £ =1.30900 into x =sin2¢, y =cos* ¢ +1.
x =0.500, y =1.067

Coordinates of P and Q are (0.500, 1.933) and (0.500, 1.067).



(d) Given X=SIN2f ccvierrearrannnne

and y=cos’ t+1

1
y=5(0052t+1)+1

3
2l y=— | =COS2f cevverrrieeeennn,
(y 2)

Using Trigogometric Identities, sin”2¢+c0os* 2t =1 .....cocoovrveunen.e.

Substituting (1) and (2) into (3).
(L 3
(x)" + {2 [ y 3 J:| 1

. the cartesian equation is x* + 4(

72

2
3) =1, 0<x<lI.
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Solution

(a)

(b)

Given x=h+12sect

o
SECE = ——— oo 1
T ey
and y=k+3tant
-k
tant=2"" o @)
3
Using Trigogometric Identities, 1 +tan”# =Sec’ £ .......cccocvveverunn. 3)

Substituting (1) and (2) into (3).
2 2
y__k + 1 — A= h
3 12

.. the cartesian equation is

— 2 — 2
(xlzﬁl) _ 2k) =1 (Shown), wherea =12, b=3

Find the intersection between the asymptotes

x+3
Let e 1
y== @)
and y= 297X 2)
4
D+Q2): 2y =8
y=4
Substitute y =4 into (1) :
x=4(4)-3
=13

Hence, the two asymptotes intersect at (13, 4).

Since (4, k) is the point of intersection of the asymptotes, 2 =13,k =4 (Shown)

Alternative Method

_ 2 _ 2
Equation of hyperbola (xl2fl) — Sl 32k) =1.

The equations of the asymptotes are y —k = i%(x —h), ie.y= # and y = %M(

. +3 29—
Given that y = XT and y = 2 Y are asymptotes of C

—h+4k 3
Compareyz% andy = X .

Compare y = _T and y
h+4k =29 ............. (2)

MH+@2): 8k=32
k=4
Substitute k£ =4 into (1) :
—-h+4(4)=3
h=13



(¢) Whenx =0,
13 (-4’
2 2 =1
12 3

=—or—
I

When y =0,
(x-13)" (4’
2 a2 1
12 3
x=-7or33
centre = (13, 4) and vertices are (1, 4) and (25, 4).

(=13 =4 |

The graph of
grap 122 3?

y
(x-4° (13 _ A
122 3?




Exercise 2

D Applications

24
Solution

(a) Let the centre of the circle be (%, k) and the radius be .
Equation of the circle is (x —h)* +(y —k)* =7

Given that the centre of the circle lies on the y-axis, i.e. x = 0.
soh=0.

Substitute the points into the circle equation:

Q2.5 +k> =1 @)
G-k =r" .. )
Solving (1) and (2) simultaneously.
k= 1 and r = ol
24 24
1y (eny
THly—— | =| — Shown) .....ccceeeivicieeninns 1
STV ) . o

(b) Substituting x =1.5 into (1).
1y ety

15-0+| y—— | =| —

( ) (y 24) (24)
1y (e1y

15 +| y—— | =| =
a5+ (5]

11 61) ,
—— =t =] -5
T (24) @)

2 2
61 —-1.5% or y=£— o -1.5°
24 24 24
S y=25Imor y=-1.59 (rejected since height cannot be - ve)

The maximum allowable height of the bus above the road surfaceis 2.51 m
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Solution

(a) Since the narrowest part is at height 80mm, the centre of the hyperbola is at (0, 80).

-k =80.
)
A
) B ) 75/m
Substitute (=50, 0) into x—z——(y be) =1
a a
_ 2 _ P 125m
(507 8Oy ) al
P b 80m
x* (y—80)
Substitute (~37.5,125) into 2 — 20 =1 0m
a
(-37.5° (45)°
) [ )

a’ b
Using GC to solve (1) and (2) simultaneously
a® =900 and b* = 3600

o k=80, a> =900 and b* =3600

(b)

X 0=,
900 3600




©

The equation x” +(y —80)> = r* represents a circle with centre (0, 80) and radius = 7.

For C intersects the circle at exactly two distinct points, » = 30.

wr=30
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Solution

(a)i) a=b=1

(ii)  Set of values for (a, b) combinations are
(1,1),(1,3),(3,1),(3,3),(5 1) and (5, 3).

(=3 =2 _,

(b)) 3 7

(x—l)z-i-(y—l)2 =1

J Replace x with g

G—lj +(r-1)7 =1

J Replace y with%
X 2 2
ol 4 2] =1
3 2
X 2
.. the equation of the largest possible elliptical plate is (g - lj + (
(ii) Description of sequence of transformations

Scaling parallel to x - axis with a factor of 3.

Scaling parallel to y - axis with a factor of 2.

2



Exercise 2

E Mixed Exercise

27
Solution
X +x+1
@ y=——"7—
x+1

yx+D)=x>+x+1

x2+(1—y)x+(1—y):0

For quadratic equation to have real roots, discriminant > 0.
(1-) =4(1-») 20
1-2y+y° —4+4y>0

Y +2y-3>0 L. SR
G+ =120 =
SLy<-3or y>1

Hence, R, = (—o0,-3]U[1,)

(b)
x=-1 y ,7.\’2+x+l
A MR
: 0,1
‘ 0 > x
2 2
(c) w+(x+2)2 =2

(x+1)?
YV H(x+2)Y =k

Consider diatance from centre of circle to y-intercept of curve

JO-(2)) +(1-0* =5

For the circle to intersect the graph with one positive real root

and exactly one negative real root, the radius the circle must
be /5 <|k| <3.

w5 <k <3

—2

‘I\
Y +(x+2)° =k2\

L




28

Solution
X —x+7
(a) Using long division, y = ——
x=2
=x+1+ 2 .
x=2

Equations of asymptotes : x =2, y =x+1.

X' —x+7
x-2
(x=2)y=x"—x+7

(b) Given y =

X+ (1= y)x+(7+2y)=0

For quadratic equation has no real roots of x, discriminant < 0.
(=1=»)" =4(1)(7+2y)<0

y—6y-27<0 . _ +
(y+3)(y-9)<0 3 9
So=3<y<9
a=-3and b =9.
xP—x+7
(¢) The graph of y =—.
x=2
y
A
\5.9) =
rixz—,\'+? é\‘%}_x_Fl
T ox=2 ‘i,-"'
1| » X
()
2
§x=2

(d) Refer to the graph. For C to be increasing and concave downwards,
x<-1

Learning point:

For C to be increasing and concave upwards, then x > 5.



X

xP—x+7 _L
2—x x?
X —x+7 1
x—2 x°

Hence, the number of real solutions is 2.

Learning point:

2—x

The number of real solutions to the equation |x2 —x+ 7| = refers to the number of intersection between the

2
X

graphs.
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Solution

(a) Let the denominator of y =

(b) The graph of y =

X +ax+b
c—x
ire.c—x=0.

". x = ¢ which is the vertical asymptote.

Given x = -2 is a vertical asymptote, .. ¢ =—2.

C passes through (—4, 2) and (0,-6).

2
Substituting (4, 2) into y =~ 2
cC—X

(A ra(H+b
O 22-(-4)

Substituting (0,—6) into y = w_
c—X

(0’ +a(0)+b

T 2-0

b=12

-6

Substituting b =12 into (1)
a=6

“a=6,b=12andc=-2

X +6x+12

-2-x

P +6x+12 y
S !

be zero.

(-4, 0) 0

(0i-6



x? +ax+bj2 P

c—X

@)(x+4f+(

2
+b
Replace y = X+ 4+
cC—X

[x— (0] + ()’ =k

(x+4)" +y* =k’ <the equaiton (x+4)” +y* = k” isa circle with radius k units, centred at (=4, 0).

Add the circle with radius & at centred (-4, 0).

C Peexez Y

re -2-x T

x> +ax+b

2
=k? has no real roots,
c—x

Refer to the diagram. For the equation (x +4)° +(

0<k<2.
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Solution

. 1 2
(@) Giveny=—+—
X x

1,2
4 x X
=x+2

yx—x—-2=0

For the values that y can take, x € R. Discriminant > 0

1-4(y)(-2)>0

>_1
7778
. 1
Solutionset=<yeR:y> -3
Alternative Method
y__1_4
dx ¥ X
At stationary point, — =0
1 4
1.¢c. — ? — 7 = 0
x=—4
dy 2 12
P
When x =4,

dy 2 12 1
—_—t >
dx* —64 256 64

Iy, .. .
" (—4,—§j 1S minimum point
. 1
Thus the solutionset =< yeR:y > Y

(b) The graph of y = l+%
X x

Asymptotes: x =0,y =0



e 1 2
(c) Atx=-1.5,substituting into y = —+—-.
X x

S
Sy 9
o 1 2
At x = -1, substituting into y = —+—-.
X x
Soy=1
e 1 2
At x =1, substituting into y = —+—-.
X x

Soy=3

o 2.
Substituting x = 1.5 and y = 5 into y=ax’+bx+c

gz a(-1.5) +b(-1.5)+c¢
2
2.25a—l.5b+c=§ ............................. (1)

Substituting x =—1and y =1 into y = ax* +bx+c
l=a(-1)* +b(-1)+c

Substituting x =1and y =3 into y = ax” +bx+c
3=a(l)’ +b(1)+c

Using GC to solve (1), (2) and (3)

az—z,bzl,c=§
9 9

o 2 20 .
Substltutlnga:—g,bzlandc:jo1nt0y:ax2+bx+c.

oy

2 20 .
Add the graph y = —§x2 +x+ ry on the same diagram.

Use GC to find the point of interesctions of y = —%xz +x+ 29—0 and y = 1 +%
x X

Sx=-15 —-1,1and 6.

k=6
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Solution

(@)

5

-(y-37=9

For C, : Circle with centre (4,-3) and radius 3
x -intercept : (4, 0)

(x=4)7+(y+3)=9

For C, :Hyperbola with centre (0, 0)
Asymptotes: y =xand y = —x

x -intercepts : (-2, 0) and (2, 0)

(b) Substitute x =3sin@+4, y =3cosd—3into x> —y* =4
(3sinf+4)’ —(3cosf-3)° =4
(9sin® @ +245in 0 +16)—(9cos’ @ —18cos @ +9) = 4
9(sin* @ —cos’ @) +24sin @ +18cos@+3 =0
3(sin” @ —cos” @) +8sin @+ 6¢cosO+1=0......... (1) (Shown)

(¢) Solve (1) using G.C.
0 =2.5083 or 5.6014
Substitute € = 2.5083 into x =3sin&+4, y =3cosd -3
(5.78,-5.42)
Substitute & =5.6014 into x =3sinf+4, y =3cosd -3
(2.11,-0.671)

.. the intersection points are (5.78,-5.42) and (2.11,-0.671).
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Solution

(@) x*-16y" =16
x2 _y2 1
£ P

1

Asymptotes: y =+ —x

~

Centre : (0, 0)
Vertices : (4, 0), (=4, 0)

(b) Every line y = mx passes through (0,0) and must have a
steeper gradient compared to the asymptotes of C.

1
.. the range of values of m: m > %or m< 2

(¢) x—4=asind............... )
y=acosf........... 2)
' +2):

a*sin’ @+a’cos’ 0 =(x—4)" +)*

L(x=4)Y+y'=d’
Add the graph (x—4)’ +y* = a’ on the same diagram.

»

__x
Y 3

For C, to intersect C at four distinct points, the range of ais a > 8.

Learning point:
The letter "a" refers to the radius of the circle (x —4)* + y* = a’.



Exercise 2

F Higher Order Questions

33
Solution
2
@@ y= X +2 < peform long division
2x+1
S
2 4 4Q2x+1)

Equations of asymptotes

I. .
X = —EIS a vertical asymptote.

x 1. .
y= 271 is an oblique asymptote.
Axial intercept : Whenx =0,y =2

No intersection with x-axis

Use G.C. to find turning point.
Minimum point (1, 1) and Maximum point (-2,-2)

2
The graph of y = X +2
2x

-1




(b) The oblique asymptote y = %—%intersects the y-axis at P.

.. Substitute x = 0into y = f—l
2 4

1 1
So,y=——. .. P|0,——
Y Ty ( 4J

Substitute y =0 into 4y =mx—1.

LHS = 4[—lj
4

=-1
Substitute x = 0 into 4y =mx—1.
RHS =m(0)-1

=-1
Since LHS = RHS

. Plieson 4y = mx —1 for all real values of m. (Shown)

(¢) Given 4x*+8=(mx—1)(2x+1)

x2+2_ﬂ 1

2x+1 47 4

Given 0O<m<2 <divide 2 to all sides

0<K<l
4 2
2
yzﬂx—lwill not intersect with the graph of y=x +2.
4 4 2x+1

Hence there is no real root for the equation 4x” +8 = (mx —1)(2x +1).

(d) Since there are no real roots for the equation, 4x” +8 = (mx —1)(2x + 1), the two roots are complex
roots. Since all the coefficients in the equation are real, the roots must occur in complex conjugate pairs, i.e.

x=a+bi orx=a—biwhere a,beR.
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Solution

By long division,

X" +ax
Y x—2b
=—x+(a—2b)+M
x—2b

Equation of oblique asymptote : y = —x + (a —2b)
Given that y = —x + 1 is an asymptote, by comparing
a-2b=1
a=1+2b

(a) Substitutinga=1+2b intoy =—x+(a—2b)+ 2b(a——2§b).
x—
—x* +ax 2b
Ly= =—x+1+
x—2b x—2b
d_y _ .2
dx (x—2b)°

. dy
At stationary, — =0.
4

2b

1-—=——=0
(x—2b)
(x=2b)* ==2b
x=1+-2b+2b

For the curve C to have 2 stationary points, v—2b must exist.
Sob<0

(b) Equations of asymptotes

x = 2b is a vertical asymptote.

y =—x+11is an oblique asymptote.

Axial intercept : Whenx =0,y =0
—x* +(142b) _

x—-2b -
x> +(1+2b)x=0

x=0 or x=1+2b

When y =0, 0

Since 1 < b < 3, from (a), there must be no stationary points.



-
y

- 1 E =—x:+ax
Y - X+ ; x=2b
ON 1. \I+2b X
25
x=2b

(c) Substituting the vertical asymptote x = 2b into y = —x +1.
Soy==2b+1
Substituting the vertical asymptote x = 2b into y = m(x —2b) + (1-2b).
Soy=-2b+1
Substituting the oblique asymptote y = —x +linto y = m(x —2b) + (1-2b)
Soy==2b+1
Hence the point (2b,-2b + 1) satisfies y = m(x —2b) + (1—-2b).
Hence point (2b,—2b +1) on the line y = m(x —2b) + (1-2b).

Add the line y = m(x —2b) + (1—2b) on the the same diagram.

y=m(x—2b)+(1-2b)

Note that if m > —1, the line y = m(x —2b) + (1 - 2b) cuts C at 2 distinct points.

.. the range of values of m is m > —1.
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X —ax+b
@ y=——""
x—2

D S )
x=2

Differentiate (1) with respect to x

d_y - b+4-2a

dx (x—2)

. dy
At stationary, — = 0.
e

_b+4-2a _
(x-2)’
(x—2) =b+4-2a

X —A4x+(=b+2a)=0 oo, 2)

0

For C to have 2 stationary points, the discriminant of (2) has to be greater than zero, i.e. b* —4ac4 > 0.
(-4)’ —4()(2a-b) >0
b+4-2a>0

.. b>2a-4 (Shown)

2_
(b) The graph ofyzﬁ, wherea=5and —1<b<0.

y
A

Given 2x*—10x—1=(mx—-3)(2x—4)

2x* —10x -1

- e mx—
(2x—-4)

2x* —10x -1

—_——=mx-3
(2x-4)

x2—5x—l 1

=mx—3, wherea=5b=——

x=2 2

Sketch the line y = mx — 3, where m <1 on the same diagram as shown.
There are 2 roots for all m < k.



Given 2x”—10x-1=(mx—-3)2x—4)

2x’ —10x -1
——=mx-3
(2x-4)
x*=5x-0.5
e k-
(x=2)
Note that if m =1, y = mx —3 is parallel to y = x—3.
2
If m <1, the slope of the line y = mx —3 becomes flatter. This line will cut the curve y = %}CZ)()S at two distinct points.
X—

... the largest possible value of k is L
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Solution

(a) Given y =

6x
X +ax+1
Consider the denominator of (1)

2

) aY a i
X +ax+1= x+5 +1_T < completing the square

Given 0 <a < 2.

0<a®’<4 <sqaure both sides
2
0<L <1
4

2
_1<_a_<0
4

2
0<1-L <1
4
aY a
lx+=| 4l-——>0VxeR
2 4
Since the denominator is always positive,

.. C has no vertical asymptote.

Differentiate (1) with respect to x
dy (x2+ax+1)6—6x(2x+a)
dx (x2 +ax+ 1)2

. dy
At stationary, — = 0.
b

42
e, =)
(x2+ax+1)
(1-x)=0
x ==l
o . 6
Substituting x =1 into (1): y =
2+a
N . 6
Substituting x =1 into (1): y = S
—a

.. the coordinates of stationary points are (1, 7
+a

j and (—1,——
2



The graph of y =26—x, where 0 <a < 2.
X +ax+1

(b) Ifa=2,
6x 6x

= = -1
Y x4l (x+1)2 e

Asymptotes of C are x =—1 and y = 0.

. . dy
At stationary point, — = 0.
ry p ar
_ 2
ie. —6(1 ) ==
(x2 +ax+ 1)
(1-x*)=0

x=1 or x=-1 (Reject, since x #—1)

Substituting x =1 into y = .
2+a

Whena =2,
. . S 3
.. the coordinates of stationary points is (1, Ej

The graph of y = 26—x, where a = 2.
X +ax+1




Given  6x” = (x+1)(x’ —x)

=x(x+1)" (x-1)

x[6x2 —x(x+1)2 (x—l)] =0

x=0(lroot) or 6x*—x(x+1) =0

6x 1

(x+l)2

Add the line y = x —1 on the same diagram.

From the above diagram, y = and y = x—1 has 3 points of intersection.

(x+1)2

Hence, 6x” = (x+1)(x’ —x) has 4 real roots.
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Solution

(a) Given that the line y = 2x —1is an asymptote of C

.. the equation of C can be written as y = 2x—1+ ,keR
xX+r
y=2x-1+
X+r
2 +Q2r=Dx+k-r
= KA €]
X+r
2
Given y= 25 @t L )

X+r

Comparing the coefficient of x* with (1) and (2): p =2
Comparing the coefficient of x with (1) and (2): ¢ =2r-1

sop=2andg=2r-1

Alternative Method

2

X" +qgx+1 .
Y el < long division
xX+r

_ 2
=px+q—pr+ﬂ,ke]1{ ....................... 3)
xX+r

Comparing (2) and (3):
p=2andg—pr=-1
qg=2r-1

(b) Forr=1,p=2, g=1,
_2x2+x+1
x+1

=2x-1+ .
x+1
Equations of asymptotes
x =—11is a vertical asymptote.
y =2x-11is an oblique asymptote.
Axial intercept: Whenx =0,y =1

No intersection with x-axis

Use G.C. to find turning point.
Minimum point (0, 1)



2x% +x+1
x+1

The graph of y =

(© 2x°+x+l=hk’ +(k+Dx+1
2x7 +x+1=(kx+1)(x+1)

237 +x+1
x+1

=hkx+1

‘_2x1 +x+1
x+1

The line y = kx +1 passes through the point (0, 1), which is the minimum point of the curve.

The oblique asymptote has a gradient of 2. For the line intersects the curve at 2 points, £k is R\ {O, 2}.

. {keR,k#0,2}
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(a) The oblique asymptote that intersects the axes at (—a, 0) and (0,—a).
Using these points to form equation of oblique asymptote :
0-(-a)
—(—a)=———=|x-0
y=(ca) =——=[x~0]
y=—x—a

.. the equation of oblique asymptote is y = —x +a.

Express the equation of the curve as

y=—x—a+L, where k€ R, e (1
x+1
The graph passes through (0,—a —1). Substituting the point into (1).
—a-1=0-a+k
k=-1

. . 1
.. the equation of the curve is y =—x—a— —1
X—

(b) Differentate (1) with respect to x.
dy 1

l——

dx x+1
. . dy
At stationary point, — =0
Iy p &

1.e. —I—L:O
x+1

x=-2 or x=0

Substituting x = -2 into equation of the curve y =—x—a - ﬁ
y=-a+3and

Substituting x = 0 into equation of the curve y =—x—a —ﬁ.
y=-a-1

.. the coordinates of turning points are (—2,—a + 3) and (0,—a —1).

The set values of y for which there are no turning points on

the curveis —a—-1<y<—-a+3.
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(@)
ax’ +bx+c+2
f(x)= B B )
Since x = 0 is a vertical asymptote, .. d =0.
ct2
X
y = ax+b is the oblique asymptote.

~b=-1 anda=1.

Ly=ax+b+

SLa=-1, b=-landd =0.

(b) Substitute a, b and d into (1).

ct2
y=x-1+ o y
A
dy c+2
= =1-—
dx X

From the diagram, the graph of y = f(x) is increasing for all x,x # 0.

. d—y>0.
dx
_c+2

2
X

ie. 1

> (0 for all real values of x, x #0

For d—y>0,thenc+2<0.
dx

. ¢<-2 (Shown)

(© Ifc=-1,

1
y =x—1+— < substituting the values of a, b and d
X

1
The asymptotes of the curve y = x—1+—
X

x =0 is a vertical asymptote.

y =x—1 is an oblique asymptote.

Axial intercept : The graph has no axial intercepts.

Use G.C. to find turning point.

Minimum point (1, 1) and Maximum point (—1,-3)



2
—x+
The graph of y = x—xl

» X
(d) 4x’+4y> —dpx—4+p* =0
2
x*— px+y° +2 _1=0
4
p 2
x—Z | +y*=1
( 2) g
g(x) is a circle with centre at (%, 0) and radius 1.
y
A y=g(x)
. » X
() £—l £ £+
2 2

(e) f(x) and g(x) do not intersect if 0 < % <lor g >1

L 0<p<2 or p>2
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_ (x—-1)(bx+1)

a
@) » 2
=bx+b+1+2b+1
x—2
As x — oo, 2b+1

5 >0y > bx+b+1)".
Asx — —o, &4_21—)0’.y—>(bx+b+1)’.
X—

The oblique asymptote is y = bx +b+1. (Shown)
The vertical asymptote is x = 2.

2b+1
(x—2)°
dy

At turning point, — = 0.
gp o

Yy
(b) ——=b

2b+1
oo
2b+1
(x-2

=1 {2b+lJr2
b

For C has two stationary points,

0

+1>0.

Thus b(2b+1) > 0. (Shown)

(©() The graph of y=bx+b+1+22tL where b> 2.
-

Note that b > 2, C has two turning points.

| x=D)bx+1)

x-2
A -\/ *
P y=bx+b+l
T
2 :
1O\ |
/1 I:
a
‘ ix=2




2b+1

X —

(i) The graphof y=bx+b+1+ , whereb:—%.
Note that b = —i, C has no turning points

. . 1 3
The oblique asymptote is y = —Zx + 7

(d) Rearranging b|x| +(1-b)x* + (k—1)|x| -2k =0
blxf +(=b)]d-1_ &
-2 ]

Consider the number of intersection points between C and the curve y = —— forx > 0.
x

k .
Add the curve y = —— to the same diagram.
X

(x=I)(bx+1)

- x—2

From the sketch, there are 2 intersection points.

Thus the equation b|x|3 +(1=b)x* + (k —1)|x| - 2k = 0 has 4 distinct real roots.
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(@)
2
Given y = m ....................... )]
x—1

Substitute [3, 2—;) into (1)

a3)* +3b+c _23
3-1 2
9a+3b+c=23 oot 2)
Substitute (2,10) into (1)
a(2)’ +2b+c _
2-1
4a+2b+c=10 eevreennn. 3)

10

Differentiate (1) with respect to x.
d_y _ Qax+b)(x-1)- (ax® +bx +c)(1)
dx (x-=1)?
B ax* —2ax—b—c
(x=1?

Given (2,10) is a minimum point, i.e. % =0when x=2.

So 0=4a-4a-b-c

Solving (1), (2) and (3) using the GC,

~a=3,b=-2,c=2.

. 3x* —2x+2

@) y==—""
Performing long division,

y=3x+1+ 3

x-1

Equations of asymptotes

x =1 1is a vertical asymptote.

y =3x+1 is an oblique asymptote.
Axial intercept : Whenx =0,y =2

No intersection with x-axis

Use G.C. to find turning point.
Minimum point (2, 10) and Maximum point (0,-2)



3x? —2x+2

The graph of y =
x-1
Yy
A (j, 1()?
u ,_3x:—2_\’+2
}4” B x—1
Lf
Con » X
y=3x+17
-1
(a)(iii)
(-

The equation e =1 represents a hyperbola with equations of asymptotes y =1 i%x.

2
m

7 3x-2x+2
T x-l

Refer to the diagram above. By comparing both asymptotes, observe that the positve gradient of the asymptote

of the hyperbola must be at most 3 if the two graphs are not to intersect.

Hence, the set of values of % is {% eR:0< % < 3}.



(b) Whena=>b=-1,
x> —x+c o ) ax’ +bx+c
y=———  <Jsubstituting a =b=-lintoy = ———
x—1 x-1

Ifc=2,
—x?—x+2
y=———7""
x—1
__(x—l)(x+2)
x—1
y=—x-2,x#1

C has no stationary point when ¢ = 2.

d_y_ ax* =2ax—-b—c

From (a),
@) Py
Whena=5=-1.
X2+ 2x+1-
d_y=x+—x+2c < substituting a =b =-1
dx (x-D
d
Y _0

At stationary points, — = 0.
ry p o
ie. —x*+2x+1-c=0.
For there to be no stationary points, the equation —x” +2x +1—c¢ = 0 must have no real solutions for x.
Discriminant < 0
2% —4(-1)(1-¢) <0.
4+4(1-¢)<0

c>2

~. the set of values of ¢ is {c e R:¢>2}.
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Solution
(-a,0)\ |0
x=0
(a) Givenx = % ................................ )
and y=1+¢
T L ©)
a

Substitute (1) into (2): x =

2
Substitute x = Linto y= /1 +x_2
y-1 a

< square both sides

=1+ —
(-1’
1
2_1:_
Yooy
O -D(y-1)" =1

(»* ~1)(y—=1)’~1=0 (Shown)



(b)

y
(1.40a,1.72) 4

y

(¢) Using GC tosolve, (y—1)*(y> —1)—1=0.
y=-1.106919 (rejected) or 1.716673

Substituting y =1.716673 into x = Ll'
y—
x =1.39534qa

.. the point of intersection is (1.40a, 1.72).
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(a) Giveny=2x+1+ ,X#—a
xX+a
Yo, b
dx (x+a)

. dy
At stationary, — = 0.
S

e, 2-—2 _—o
(x+a)’
2(x+a)’ =b=0

2x* +4ax+2a° -b=0
Given that C, has two stationary points, then % has solution

Discriminant
=164 —4(2)(2a* - b)
=82=>0

. b>0andaeR.

Learning point:

If b=0, theny =2x+1+ becomes a horizontal line.

x+a

(b) Giventhata=>5=1,

y=2)c+l+L
x+1

Equations of asymptotes
x =—1is a vertical asymptote.
y =2x+1is an oblique asymptote.

Axial intercept : No intersection with axes.

Use G.C. to find turning point.
Minimum point (1, 1) and Maximum point (—2,-2).



The graph of y :2x+1+L.
x+1

e
x=—lL//32=2x+l
(-0.293, 0.828) ¥ }(0.2)
1/ ’o -
(-171.-482) A
y=2xtlt—

(¢) The equation (x+ p)* +y* = R isa circle centre (- p, 0) and radius R.
Add the circle on the same diagram.

y
o AC
x=-1 ib/l}’=2x+l
( : ) p '(ba 2)
—_— A O -
e > X
AN 0
(x+p)+y =R N4
! i 2 v=2x+l+L
/I'\i | h



(d) Giventhata=b=1, .. d—y:2— ! =
dx (x+1)

At stationary points of C,, % =0.

1
x+1)° =—
(et =2
1
x=-1t—
V2
. 1 . 1
Substitute x =—1+— intoy =2x+1+——
2 x+1
1 1
yz2(—1+—)+1+7
Z)T
——1+242

(0,2)
> x
(x+p)+y*
y=2x+l+L
x+1

The minimum R for C, and C, to intersect occurs when the centre of the circle is directly below the turning point (—1 +

Thus min R = 2\/5—1

1
Corresponding valueof p=—| -1+— |=1——.
poiing ot {1+ 1

€

NG

,—1+2J§j.
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Solution

2

(a) Thegraphof y= 4/7;;)6’ where 4 > 0.
X+ A

¥y
A
(0,4) )-':41127]( , where >0
T +A
(-2v2,0) (2V4,0)
0
"""""""""""""""""""""""" | I

(b) The graphof y = 4o x , where 4 <0.

X+ A

4i-x’

, where <0
>,
X +A

2
. 47— x* x°
Given | ———| =1+—
+
kx” +hA A
2
x? 47— x*
A — | = 1
A kx” +hA

x? 1 [4/1—x2j2 44 -x*
=1 q4y=

+_
(A R\ x¥*+2 X+
x2 1 2
—t— =1
(_\/I)Z h2 (y)

2 2
. X y . . .
The equation +—-=11is an ellipse with centre O.
(—VA)’

o



For one real root, the ellipse must meet the graph in (b) at exactly one point.

Hence / = 4 and the value of the real root when =4 is x =0.



45

Solution
_ 2 _ 2
(@) Given y= 4x° +8kx -5k +4
x—k
dy _ (x—k)(=8x+8k) = (=4x” +8kx — 5k +4)(1)
dx (x—k)
 —8x” +8kx +8kx — 8k’ +4x” —8kx + 5k” —4
(x—k)’
4?4 8kx -3k — 4
(x—k)*

. d
At stationary, ay =0.
e —4x” +8kx —3k* — 4 _
(x—k)’
—4x* +8kx—3k> —4=0
For C has two stationary points, the discrimiant of (1) must be positive.
re.D>0
(8k)* —4(—4)(=3k> -4)>0
64k> —48k> =64 >0
16k* —64 >0
16(k+2)(k—2)>0

Therefore, k < —2ork > 2.

—4x* +8kx — 5k” + 4
x—k

(b) Giveny=

Performing long division:
—4x + 4k
x— k)—4x2 +8kx +(4-5k%)

) —4x” + dkx
dkx + (4 - 5k%)
—)4kx — 4k
4-K

—4x” +8kx — 5k + 4
y:
x—k
k-4

xX—

= —Ax+4k -

The oblique asymptote is y = —4x + 4k.

The oblique asymptote cuts the y - axis at (0, 4).

Substituting x =0 and y =4 into y = —4x +4k.
4k =4

Sok=1



_ —4x* +8x—1
x—1

(c)

=—4x+4+ 3
X—
Equations of asymptotes
x =1 1s a vertical asymptote.

y =—4x+4 is an oblique asymptote.

Intercepts :

-1
Whenx:O,y:—lzl (0,1
When y =0,

—4x* +8x—1=0
4x* —8x+1=0

L 8xJ64-4(4)(1)

2(4)

84448

-

16 x

Il
-+

N
pa

I
—_
H+

ol )

Il
—_
I+

TN
—
+

,0] or [l—ﬁ,O]
2

Turning point : From (a), when k < -2 or k£ > 2, curve C has no turning point.
Since k = 1, there is no turning points for the curve C.

2
The graph of y= M
x—1
}a'
A
4x7 +8x-1

0.0\
L)

2




(d) Given x=1+tant,

x—l=tant .....cccevren... (1)
and  y=DSect .ccccorererrennne 2)
Using the trigonometric identity : tan# + 1 =sec* f .................... 3)

Substituting (1) and (2) into (3).
2
—1 4= 1]
(x=1) [ 5

(%j (=17 =1

y2_b2(x_1)2 :bZ

The cartesian equation of the curve C, is y* —=b*(x—1)* =b°.

2
(e) The equation (%j —(x—1)* =1 represents a hyperbola.
The asymptotes of the hyperbola are y = +b(x —1) and centre is (1, 0).
Hence, for the hyperbola to intersect the curve C at most twice, b > 4.
.. the range of value of b is b > 4.
Learning point:

In order C and C, to have at most two intersection points, positive gradient of the hyperbola asymptote must be equal or
more than 4. Therefore, b > 4.
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Solution
2 —
(a) Given y= 20 Z3x
2—x

2x” =3x=k(2-x)
2x> =3x+hkx—=2k=0

For the values of y to be taken, there are real roots.
Discriminant > 0
(k—3)" —4(2)(-2k) >0
k> —6k+9+16k >0
k> +10k+9>0

- - >k
(k+1)(k+9)>0 _"\/ 1

k<-9ork=>-1

.. the range of values of y is y < -9 or y>-1.

2x? —3x
2—x

(b) y=

=-2x-1+

2—x

Equations of asymptotes

x =2 is a vertical asymptote.

y =—2x—1is an oblique asymptote.

Axial intercept: Whenx =0,y =0
Wheny =0,y =1.5

Using G.C. to find turning point.

Minimum point (1,—1) and maximum point (3,-9)

2x* —3x

The graph of y =
2—-x




(¢) Given 4x’(2x-3)"=(2-x)’[64—(x~1)’]
4(2x° = 3x)" = (2 - x)’[ 64— (x 1)’

4{ (2x* -3x)°

o }:64—@—1)

4{ (2x* =3x)
(2-x)

2
} =64—(x—1)
(2x2—3x)
_x)

4y’ +(x—1)* =64

2 2
yo G-

16 64

Replace

(=1’

2
& +% =1is an ellipse with centre (1, 0). It has semi-major axis 8 units and semi-minor axis 4 units.

The equation

x—l 2 2
Addthegraph( 82) +%:1.

y=-2x-1

From the diagram, the graphs intersect twice.

.. there are 2 real roots for the equation 4x*(2x —3)* = (2—x)’ [64 - (x—l)z}
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2x* —5ax+2a’ +1

@ y=
xX—a

1_ 2

=2x-3a+ a

X—a

Asymptotes are y = 2x—3a and x = a.

2

(b) y=2x—3a+1_a
X—a
d_yzz_ 1-a®
dx (x—a)’
. . dy
At stationary points, — =0
dx
a 1-d° _
(x—a)’
2x—a) =1-da’

Given that the curve has no stationary points,

1-a’<0
(1-a)l+a)<0

La<-lora>1

(¢) The graph of y =
x—a

2x* —5ax+2a* +1

k-

xX—a
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Solution
(a) d=4
Given that y = 3x + 2 is an asymptote of of the curve,

. k .
we can express the equation of curve as y =3x+2 +—4, where k is a constant.
X+

Equating the equation of the curve

k  3x’+bx+c
x+4 x+4
Multiplying x + 4 throughout,

3x+2+

3x* +14x+8+k =3x> +bx+c

By comparing coefficient of x, b =14.

~b=14
3xt +14x+c
b) =X
x+4
d_y_ 3x7 +24x+(56—¢)
dx (x+4)’

. ..d
At the stationary points, Ey =0.

ie. 3x* +24x+(56-¢) =0
When x = -2,
12—-48+(56—-¢c)=0
c=20

.. the value of ¢ is 20.

3x* +24x+36=0
Using GC,x=-2 or x=—6

3x% +14x+20

Substituting x =2 into y =
x+4

Ly=2

3x% +14x+20

Substituting x = —6 into y =
x+4

Ly=-22

The coordinates of the stationary points are (—6,—22) and (-2, 2)



Given 3x> +bx+c=k(x+d)
2
3x"+bx+c —k
x+d

L 3x7 +14x+20
’ x+d

> X

y=k
(-6,-22)

For the equation 3x” + bx + ¢ = k(x +d) has no real roots, the line y = k does not intersect the curve.

.. the range of value of k is—22 <k <2.

(¢) Solve x =4 and y = 3x + 2 simultaneously.
Soy=-10
The coordinates where the two 2 asymptotes intersect is (4,—10)
Substituting x = —4in y = mx+4m—10.
y=m(-4)+4m-10
vy =-10, for all real values of m

Thus the point of intersection (—4,—10) lies on the line y = mx +4m —10. (Verified)



Given 3x> —bx+c=m(—x+4)" +10x—40

3x* —bx+c=(—x+4)[m(—x+4)—10]

2 J—
wzm(—xw)—lo
-x+
x=-4
_3x2+bx+c

x+d

g o o
[y

- 3x* —bx+c 3x* +bx+c .
To have 2 distinct roots for 1 = m(—x+4)-10, that the curve s need to intersect
—x+ X+

y=m(x+4)-10 twice.

.. the range of values of mism > 3.
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2 —
@) Given y=12X73 .o
x—2

xy—2y=x"+2x—4
FCHQ2=-)x+2y—4)=0 oot e

For (1) to have real roots of x, discriminant of (1) >0

(2-y)* —4()(2y—4)>0 < using b’ —4ac

4-4y+y* -8y+16>0

Y =12y+20>0 \
(r-10)(y~2)=0

.. the range of valuesof yisy <2 or y>10

X +2x—-4

(b) Given y =
x=2

=x+4+
x—=2

Equations of asymptotes
x = 2is a vertical asymptote.
y =x+4 is an oblique asymptote.

Use G.C. to find turning point.
Minimum point (1, 1) and Maximum point (-2, -2).

2
The graph of y = X hax-4
x=2

y

A x24+2x-4

10



(¢) px*+y020y+100—p=0
px’+(y=10)° =p
_ 2
x4+ O=107 1 (Shown)
P
The equation represents an ellipse with centre (0, 0) with length of semi - major axis \/; and length of semi - minor axis 1.

_ 2
Add the graph x° +w =1 on the same diagram.

(d) For C, and C, intersect at exactly two distinct points, \/; >8
ie.p>64
Given p <100

s 64< p<100
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(a) Giveny:2—1
t
When y =0,
0=2_1
t
t=9
Substitute ¢ =9 into x = 13 —+/¢* +144.
Lx=-2

.. the coordinates that cuts the x-axis are (-2, 0).

Given x =13 —+/#* +144
When x =0,

0=13-+/t" +144
t=5

Substitute £ =5 into y = o 1.
t
S y=038

.. the coordinates that cuts the y-axis are (0, 0.8).

() x=13-F +144 =2
t

dx 1, L dy 9

e (P +144) 22t 2=

de 2( ) 220 dt £

t

(P +144)

Using chain rule,

d_d dr
dx dr dx
_dy e
dr dx
dy 91 +144
Fr

Fort>0, Vt* +144 >0and £ >0

S dy 9V +144
L=

dx

The curve has no stationary points. (Shown)

>0fort>0,



(¢) () Whent — 0,V +144 > 12
So, 13-+/* +144 > 1

“x—>last—>0.
. 9
(ii) When x »> -0, —— 0.
t
So, ?—1—)—1.

L y—>-lasx —> —o.

(d) The graph of parametric equations

x=13-+t*+144,y =2—1, where ¢ > 0.
t

y
A :
(-2,0) (0,0.8)
0 i > X
------------------------------------------ R = |
§x=1
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(2x—a)’

3(x—2a) -

4x* —4ax+a® = 3kx —6ak

4x* —(4a+3k)x+(6ak+a*)=0

(a) Let

For x to have no real solutions, »*> —4ac < 0.

4(a+3k)* —4(4)(6ak +a*) <0
k* —8ak <0 \ /

k(k —8a) <0 0\/3“

0<y<8a

Hence, the set of values that y cannot take is { yeR: 0<y<8a }

_(2x-1y
3(x-2)
_4x’—4x+1

3x-6

(b) Whena-=1,

: 4 4
Equation of asymptotes:x =2 and y = Ex + 3
Intercepts : when x =0, y = —%

when y =0, x = 1
y=y, 2

From GC: Stationary Points %, Oj and (%, 8)

(2x -1y
3(x-2)

The graph of y =




(¢) Given x:2sin9:>sin6?:§ ...................... (1)
and y=c0SO ..ccoeverreennne. 2)
Using cos® @+sin” @ =1 ....cocoovueuan... 3)

Substituting (1) and (2) into (3)

x2
Z | +y =1
@ g

2

X 2
—+y =1
4 y

The equation represents an ellipse with centre (0, 0) with length of semi - major axis 2 and length of semi - minor axis 1.

(d) From the above diagram, the curves intersects twice. Hence, there are 2 real roots to the equation.
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Solution

2—a

(@) Given C:y=x—a+
x+a

The equations of the asymptotes are y = x —a and x = —a.

(b) Solve y =x—a and x = —a simultaneously to find the point where the two asymptotes intersect,
- (—a,2a).
Lety=mx+a(m—2) .cceeueu..... (1)
Substituting (— a,—2a) into (1).
RHS = —ma + am — 2a, for all real values of m
=-2a
=LHS

Hence the line passes through the point ( — a,—2a). (Verified)

. dy 2—a
o)(i —=1-
©0) dx (x—i—a)2
. dy
At stationary, — = 0.
e
e, 1-279 o
(x+a)
2;“2=1
(x+a)

(x+a)2 =2-a
X+a=3N2—A oo 2)

x is undefined if a > 2

.. the range of values of a for which C has no stationary point is a > 2.

(©)(ii) Wheny=0,
(x—-a)(x+a)+(2-a)=0
x'—a’+2-a=0
x'=a’+a-2
¥ =(a+2)a-1)
For the values of x to exist, (a+2)(a—1)>0

a<-2ora>1

.. the range of values of a for which C cuts the x-axis at two distinct points is a < -2 or a > L.



(d)(i) Whena =4,

y=x—-4-

x+4

Equations of asymptotes
x =—4 is a vertical asymptote.

¥ =x—4is an oblique asymptote.

Axial intercept : Whenx =0,y = —%

Wheny=0,x= -32

From (¢)(i), C has no stationary point if ¢ > 2.
In this case, where ¢ =4, .. there is no stationary point.

The graph of y =x—4-

x+4

(d)(ii) When 1< a <0,

2—a
y=x—a+

xX+a

Equations of asymptotes
x =—a is a vertical asymptote.

y = x—a is an oblique asymptote.

Axial intercept :
From (¢)(ii), C cuts the x-axis at two distinct points if a < -2 ora > 1.
In this case, where 1 <a <0, .. there is no x-intercept.

When x=0, y =—a+g—l.
a



To find the stationary point, let % =0.

S x=—a*~N2-a
d’y 2-a

&’ (x+a)

2

When x=—a—-+2-a, jx_); < 0 (maximum point).

d’y

2

When x=—a+~2-a > 0 (minimum point).

a
, where 1<a <0.

The graph of y =x—a+

xX+a

(e)
For the line y = mx + a(m —2) does not cut the curve C, the gradient of y = mx + a(m — 2) flatter than the gradient

of the liney =x—a.

~m<l



53

Solution
x—2
a =
@ x+2
4
:1—
Y x+2

Equations of asymptotes: x = -2 is a vertical asymptote and y =1 is a horizontal asymptote.

Axial intercept : Whenx =0, y=-1
Wheny =0, x =2

2 2
Y o1

x=2 and x—+—: .

The graphs of y =

x+2 6 3

x=2 . LY
x+2 6 3

x? l[x—ij

4+ =1

6 3\x+2

X (x+2) +2(x—2)" =6(x +2)

2(x—2)" =(x+2)*(6—x") (Shown)
Use GC to solve the equation. x =-0.505 or x =2.45.

(b) Substitute y =

*. x-coordinates are —0.505 and 2.45.
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(a) Givent>4, 3+t >5

.. the range of values of x is x > 5.

Givent >4, —2+t—4

.. the range of values of y is y > -2.

() Let x=34f eorceooerceerceeeercereern. (1)
From (1): £=(x=3)" wooveeeeererenn. )
Let y=-2+4\t—4 wooeorcenrrnn, 3)
From (3), 1 =4+(y+2)" wooevrriernen 4)
Equating (3) and (4)

(x=3=(y+2)*=4 (Shown)
y=-2% (x—3)2—4

Sincey>-2, y=-2+4/(x—3)" —4
Equation of the asymptote
y+2=x-3
y=x-5

The graph of y=-2+ (x—3)2—4, forx>5andy>-2.

y=x-5

5
0 J3+~2,0)
A2
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(@) Given ¢’x*-b*y* —a’> =0
Differentiating both sides with respect to x

2czx—2b2yd—y =0

dx

At stationary point, % =0.

ie. 2c¢’x=0

~x=0.

Substituting x = 0 into ¢’x”> —b*y* —a’ =0
_b2y2 _aZ — 0

2
y = _a_2 which is undefined since y* > 0.

.. the curve has no turning point. (Shown)

(b) Given ’x*—b*y* —a* =0

2.2 2.2
c’x” by |
2 2
a a
2 2
X Y

2 2
a)’ (a
(Z) (b]
The equation represents a hyperbola centred at (0, 0) and opens up and down. The gradient of the

. ¢
two equations asymptotes are iZ'

Equations of the asymptotes are y —0 = i%(x -0)
. cx
.. the equations of asymptotes are y = i;.

Learning point:

(x—h)er(x—k)2 _

2 2 1’
a b

Given equation of the hyperbola of the form
the centre of the hyperbola is (4, k) and the gradients of asymptotes are + %.

a
Equations of the asymptotes are y — h = ir; (x—k)



2.2 2
cC X —a

b
For y to be undefined, ¢’x* —a’ <0.

(c) y=+4

2

i.€. x? —— <0 < factorise
c

24

a a
——<x<—
c C

_ . a a
.. the restriction of x iIs —— < x<—.
c c

The axes of symmetry of C: y =0 and x = 0.

(d) The graph of curve C ¢’x*> —b*y* —a* =0




(e) Given (c—bk)(c+bk)x* =ad’
(= kHx* =d’
A — a? = bR

2.2 2
cC X —a 2

bZ =(IOC)
2.2 2
i\IC‘ xb—a - Jor

.. the additional graph to draw y = kx.

y=kx

For the line y = kx intersects C twice, the gradient of the line needs to be steeper compared to the asymptotes of C

e k<k<Sor-S<k
b b
“Cck<s
b b

Given 0 <c <b, <divide b on all sides
0<<<1
b
d<-Sck<f<
b b

1<k <1 (Shown)
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